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Abstract
We consider supersymmetric extensions of a recently proposed partonic description of a bosonic p-
brane which reformulates the Nambu-Goto action as an interacting multi-particle action with Filippov-
Lie algebra gauge symmetry. We construct a worldline supersymmetric action by postulating, among
others, a p-form fermion. Demanding a local worldline supersymmetry rather than the full worldvol-
ume supersymmetry, we circumvent a known no-go theorem against the construction of a Ramond-
Neveu-Schwarz supersymmetric action for a p-brane of p > 1. We also derive a spacetime supersym-
metric Green-Schwarz extension from the preexisting kappa-symmetric action.
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1 Introduction
Supersymmetry in string theory is two fold: one on the string worldsheet by the Ramond-Neveu-Schwarz
formalism and the other one on the spacetime by the Green-Schwarz formalism. It is known that these two
approaches are equivalent, at least for ten-dimensional Minkowskian spacetime. One may attempt to ex-
tend the two formalisms to a p-brane with p > 1 i.e. an extended object over p-spatial dimensions. Indeed,
the extension of the Green-Schwarz covariant superstring action to a p-brane is possible for p ≤ 5 [1]. The
resulting action is invariant under not only the spacetime supersymmetry but also a fermionic gauge sym-
metry called kappa-symmetry, such that the on-shell Bose and Fermi degrees of freedom are equal. On the
other hand, for a p-brane with p > 1, the Ramond-Neveu-Schwarz extension to the corresponding Nambu-
Goto action reformulated by an auxiliary worldvolume metric [2–4]1 is known impossible: in Ref. [5] it
was shown that the worldvolume supersymmetric extension requires the existence of the Einstein-Hilbert
term for the worldvolume metric such that the metric is no longer auxiliary and the connection to the
Nambu-Goto action is lost.
1This action is often dubbed “Polyakov” action.
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Recently, a partonic description of a bosonic p-brane was proposed in Ref. [6]. With an embedding of
(p+1)-dimensional worldvolume coordinates into D-dimensional target spacetime, XM (τ, σi) where and
henceforth i = 1, · · · , p and M = 0, 1, · · · ,D−1, the proposed action assumes the form:
Sbosonic =
∫
dτ Tr
(
1
2DτX
MDτXM − 12p!{XM1 ,XM2 , · · · ,XMp}N.B.{XM1 ,XM2 , · · · ,XMp}N.B.
)
.
(1.1)
The action contains two kinds of auxiliary fields: the inverse of an einbein ϕ and a gauge connection Aiτ .
The former defines the trace inside the action,
Tr( · ) :=
∫
dpσ (ϕ · ) , (1.2)
and the Nambu bracket2 [7],
{XM1 ,XM2 , · · · ,XMp}N.B. := ϕ−1ǫi1i2···ip∂i1XM1∂i2XM2 · · · ∂ipXMp , (1.3)
while the latter sets the covariant derivative to be
DτX
M := ∂τX
M −A iτ ∂iXM . (1.4)
In fact, ϕ and Aiτ may be identified with the “lapse” and “shift” Lagrange multipliers of the Nambu-Goto
action in the canonical formalism [8]. Characteristic features of the above action are [6]:
• Integrating out the auxiliary fields, i.e. replacing them by their on-shell values, reduces the action to
the standard Nambu-Goto action, as in [2–4] or [9].
• The action is manifestly spacetime Lorentz invariant, despite the similarity to the light-cone gauge
fixed actions in [10, 11].
• Though not manifest, the action enjoys the full (p+1)-dimensional worldvolume diffeomorphism.
• The number of auxiliary component fields is p+ 1, and hence the worldvolume diffeomorphism can
fix them completely, such as ϕ ≡ 1 and Aiτ ≡ 0.3
2As usual, ǫi1i2···ip is the totally anti-symmetric p-dimensional tensor density with the normalization ǫ12···p = 1.
3c.f. “Polyakov” action where the number of auxiliary component fields is 1
2
(p+ 1)(p+ 2) such that for p > 1 they can not
be gauge fixed completely.
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• Partial gauge fixing as ϕ ≡ 1 and ∂iAiτ ≡ 0 breaks the worldvolume diffeomorphism to a volume
preserving p-dimensional diffeomorphism. For a compact p-brane this leads to a quantum mechani-
cal system based on Filippov-Lie p-algebra.4
• A physical picture behind the reformulation is to describe a single (compact) brane as a collection
of interacting multi-particles, and hence the title of this paper: partonic description of a p-brane.5
• One may consider implementing a worldline supersymmetry, rather than the full (p+1)-dimensional
worldvolume supersymmetry.
In the present paper, we focus on exploring the last property. In the multi-particle description of a
(compact) p-brane, the temporal worldline direction is singled out from the full (p+1)-dimensional world-
volume. Demanding a local supersymmetry along the worldline we may circumvent the aforementioned
no-go theorem against the construction of a Ramond-Neveu-Schwarz supersymmetric action for a p-brane
with p > 1.6
Filippov-Lie p-algebra appears as a natural generalization of Lie-algebra i.e. two-algebra. While Lie
algebra has been extensively studied ever since the inception of Yang-Mills theory, Filippov-Lie p-algebra
with p > 2 had not been much explored until 2007 when Bagger-Lambert and Gustavsson employed
Filippov-Lie three-algebra with the aim to describe multiple M2-branes [12, 13]. In the present paper we
shall construct supersymmetric gauge models based on arbitrary Filippov-Lie p-algebras.
The organization of the rest of the paper is as follows. In section 2, we review the bosonic action (1.1) with
some details, including the full (p+1)-dimensional worldvolume diffeomorphism and the Filippov-Lie p-
algebra regularization. The worldline supersymmetric action is constructed in section 3. We first present
a foliation preserving, diffeomorphism invariant and locally supersymmetric Ramond-Neveu-Schwarz ac-
tion. After gauge fixing we also obtain an action with a global supersymmetry. A crucial ingredient in our
worldline supersymmetric extension is to postulate a p-form fermion, in addition to a one-form fermion
and a gravitino. In section 4, we derive a spacetime supersymmetric Green-Schwarz extension from the
known kappa-symmetric action. We write down the proper transformation of the auxiliary fields which
will ensure all the symmetries of the spacetime supersymmetric Nambu-Goto action to persist in our refor-
4Relates works are the Bagger-Lambert-Gustavsson description of multiple M2-branes via Filippov-Lie three-algebra [12,13].
5Related works include BFSS M-theory matrix model [15] and Myers’ effect [16] etc. See also [11, 17].
6For earlier proposals to circumvent the no-go theorem, we refer [18, 19].
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mulation. Section 5 contains our discussion and Appendix carries some useful identities.
2 More on the bosonic action (1.1)
In this section we review, from Ref. [6], some properties of the bosonic action (1.1) which are relevant to
our main results of the supersymmetrization.
With a p× p matrix defined by
Vij := ∂iX
M∂jXM , (2.1)
utilizing an identity,
ϕ−2 detV = 1
p!{XM1 ,XM2 , · · · ,XMp}N.B.{XM1 ,XM2 , · · · ,XMp}N.B. , (2.2)
the bosonic action (1.1) can be rewritten as
Sbosonic =
∫
dτdpσ
(
1
2ϕDτX
MDτXM − 12ϕ−1 detV
)
. (2.3)
The on-shell values of the auxiliary fields are
A iτ ≡ ∂τXM∂jXMV −1ji , ϕ ≡
√
− detV/(DτXMDτXM ) . (2.4)
Substituting these into the action (2.3), one recovers the Nambu-Goto action [20],
Sbosonic =⇒ SN.G. = −
∫
dτdpσ
√
− det (∂µXM∂νXM ) , (2.5)
where and henceforth µ, ν are the full (p+ 1)-dimensional worldvolume coordinate indices running from
zero to p. The worldvolume diffeomorphism is realized in rather nontrivial fashion:
δXM = υµ∂µX
M ,
δϕ = ∂µ(ϕυ
µ)− 2ϕDτυτ ,
δA iτ = Dτυ
i − ϕ−2∂jυτV −1ji detV + (Dτυτ + υµ∂µ)A iτ ,
(2.6)
where υµ is a local parameter having an arbitrary dependence on τ and σi. In general, a symmetry of a
given action persists after any reformulation by auxiliary fields: we can always assign transformations to
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the auxiliary fields such that the symmetry is preserved [5]. The above transformation (2.6) is an explicit
example of this general statement.
From
ϕ(DτY Z + Y DτZ) = Y Z
[
∂i
(
ϕAi
)− ∂τϕ]+ ∂τ (ϕY Z)− ∂i(ϕAiτY Z) , (2.7)
the vanishing of the following quantity,
∂i
(
ϕAiτ
)− ∂τϕ = ϕ(∂iAiτ −Dτ lnϕ) ≡ 0 , (2.8)
is the sufficient and necessary condition of the integration by part for the covariant derivative:
∫
dτ Tr(DτY Z ) = −
∫
dτ Tr(Y DτZ ) , (2.9)
with arbitrary Y and Z . Under the transformation (2.6),
δ
(
∂iA
i
τ −Dτ lnϕ
)
= D2τυ
τ − 1(p−1)!{XM1 , · · · ,XMp−1 , {XM1 , · · · ,XMp−1 , υτ}N.B.}N.B.
+(Dτυ
τ + υµ∂µ)
(
∂iA
i
τ −Dτ lnϕ
)
.
(2.10)
Thus, fixing the gauge (2.8) generically breaks the worldline reparametrization to the global transfor-
mation, υτ = ατ + β with constant parameters α, β, and reduces the (p+1)-dimensional worldvolume
diffeomorphism to the p-dimensional diffeomorphism on the ‘space’ part of the worldvolume.
On the other hand, fixing the gauge ϕ ≡ 1 and ∂iAiτ ≡ 0, reduces the worldvolume diffeomorphism
down to the p-dimensional volume preserving diffeomorphism that is subject to the divergence free condi-
tion, ∂iυi = 0. Consequently, the volume preserving gauge symmetry generator as well as the covariant
derivative can be represented by the Nambu p-bracket: with a functional basis T a(σi), a = 1, 2, 3, · · · for
the p-dimensional manifold which we assume to be compact, we have
υi∂i = υa1a2···ap−1{T a1 , T a2 , · · · , T ap−1 , }N.B. ,
Dτ = ∂τ −Aτa1a2···ap−1{T a1 , T a2 , · · · , T ap−1 , }N.B. .
(2.11)
Note that here υa1a2···ap−1 and Aτa1a2···ap−1 depend on τ only being independent of the σi coordinates.
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As is well known (see e.g. [21]), Nambu p-bracket provides an explicit realization of the bracket of the
Filippov-Lie p-algebra [22], satisfying the totally anti-symmetric property:
[X1, · · · ,Xi, · · · ,Xj , · · · ,Xp ] = −[X1, · · · ,Xj , · · · ,Xi, · · · ,Xp ] , (2.12)
and the Leibniz rule, also known as a fundamental identity:
[X1, · · · ,Xp−1, [Y1, · · · , Yp ]] =
p∑
j=1
[Y1, · · · , [X1, · · · ,Xp−1, Yj ], · · · , Yp ] . (2.13)
In the Nambu bracket realization of the Filippov-Lie algebra, we may employ the structure constant through
{T a1 , T a2 , · · · , T ap}N.B. = fa1a2···apbT b . (2.14)
The structure constant is then totally anti-symmetric for the upper indices and satisfies from the Leibniz
rule (2.13):
fa1a2···apcf
b1b2···bp
ap =
p∑
j=1
fa1a2···ap−1bj e f
b1···bj−1ebj+1···bp
c . (2.15)
Now from (2.11) and (2.14), expanding the dynamical variables by the functional basis, XM (τ, σ) =
XMa (τ)T
a(σ), the covariant derivative can be rewritten as
DτX
M = (DτX
M )aT
a , (DτX
M )a =
d
dτX
M
a −XMb A˜bτ a , (2.16)
where we set
A˜bτ a := Aτc1c2···cp−1f
c1c2···cp−1b
a . (2.17)
In this way, the bosonic action (1.1), (2.3) reduces to a genuine quantum mechanical system with gauge
symmetry based on an arbitrary Filippov-Lie p-algebra. It is worthwhile to note that for p ≥ 3 the only
nontrivial irreducible finite dimensional Filippov-Lie p-algebra is, up to signature, so(p+1) [23–26]. With
v˜ba := vc1c2···cp−1f
c1c2···cp−1b
a, from (2.6) and (2.11), the Filippov-Lie p-algebra gauge transformation is
given by
δXMa = X
M
b v˜
b
a ,
δAτa1a2···ap−1 = ∂τva1a2···ap−1 + (−1)p(p− 1)Aτc[a1a2···ap−2 v˜cap−1] ,
(2.18)
of which the latter induces, from (2.15),
δA˜bτ a = ∂τ v˜
b
a − v˜bcA˜cτ a + A˜bτ cv˜ca . (2.19)
In fact, the case of p = 3 matches with the Bagger-Lambert-Gustavsson formalism [12, 13]. Other useful
relations for the bosonic action are written in Appendix.
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3 Worldline supersymmetry
3.1 Action with foliation preserving local supersymmetry
The action for the partonic description of a p-brane with a local worldline supersymmetry we propose is,
with the trace defined in Eq.(1.2):
Sworldline =
∫
dτ Tr(Lˆ) , (3.1)
where
Lˆ = 12DτXMDτXM − 12p!
{
XM1 ,XM2 , · · · ,XMp}
N.B.
{
XM1 ,XM2 , · · · ,XMp
}
N.B.
+i12ψ
MDτψM + i
1
2p!ψ
M1M2···MpDτψM1M2···Mp
−i 1(p−1)!ψM1M2···Mp
{
XM1 ,XM2 , · · · ,XMp−1 , ψMp
}
N.B.
+iχ
(
DτX
MψM +
1
p!
{
XM1 ,XM2 , · · · ,XMp}
N.B.
ψM1M2···Mp
)
.
(3.2)
In addition to the bosonic fields in (1.1) which are XM , ϕ,Aiτ , the above supersymmetric action contains
three kinds of fermions: one-form ψM , p-form ψM1M2···Mp and one-dimensional gravitino χ.
The action is invariant under the following foliation preserving diffeomorphism:7
δXM = υλ∂λX
M ,
δϕ = ∂λ(υ
λϕ)− 2ϕDτυτ ,
δAiτ = Dτυ
i +
(
Dτυ
τ + υλ∂λ
)
A iτ ,
δψM = υλ∂λψ
M + 12(Dτυ
τ )ψM ,
δψM1M2···Mp = υλ∂λψ
M1M2···Mp + 12(Dτυ
τ )ψM1M2···Mp ,
δχ = υλ∂λχ+
1
2 (Dτυ
τ )χ ,
(3.3)
where
∂iυ
τ = 0 , (3.4)
7Under the transformations (3.3), (3.5), the corresponding Lagrangian, Lworldline = ϕLˆ, transforms to a total derivative.
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such that in fact, Dτυτ = dυ
τ
dt . Namely while υ
i(τ, σj) is an arbitrary local parameter on the p-brane
worldvolume, υτ (τ) is arbitrary only over the worldline direction and independent of the spatial coordi-
nates σi. From the quantum mechanical point of view, the former generates a gauge symmetry, while the
latter corresponds to the genuine worldline diffeomorphism. The action is also invariant under a foliation
preserving local supersymmetry:
δXM = iψMε ,
δϕ = −2iϕχε ,
δAiτ = 0 ,
δψM = DτX
Mε ,
δψM1M2···Mp =
{
XM1 ,XM2 , · · · ,XMp}
N.B.
ε+ iψM1M2···Mpχε ,
δχ = Dτε+
1
2(∂iA
i
τ − ϕ−1Dτϕ)ε ,
(3.5)
where ε is a local fermionic parameter which has arbitrary dependence on the worldline but is independent
of the worldvolume spatial coordinates,
∂iε = 0 . (3.6)
The supersymmetry algebra reads
δε1δε2 − δε2δε1 = δυ , (3.7)
where the right hand side is given by the diffeomorphism parameter,
υτ = 2iε1ε2 , υ
i = −2iε1ε2Ai , (3.8)
such that the foliation structure is preserved. From the quantum mechanical point of view, the anti-
commutator of the one-dimensional local supersymmetry amounts to a one-dimensional diffeomorphism
plus a gauge symmetry, as usual for supersymmetric gauge theories. Compared to the bosonic action
(1.1), the action (3.1) lacks the full (p+1)-dimensional worldvolume diffeomorphism, but this is consis-
tent with the no-go theorem against the construction of a worldvolume supersymmetric action for a p-brane
of p > 1 [5].
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3.2 Action with global worldline supersymmetry
A gauge fixed (ϕ ≡ 1 and χ ≡ 0) action follows: in terms of the Filippov-Lie p-bracket,
L′worldline= 12DτXMDτXM − 12p!
[
XM1 ,XM2 , · · · ,XMp] [XM1 ,XM2 , · · · ,XMp]
+i12ψ
MDτψM + i
1
2p!ψ
M1···MpDτψM1···Mp − i 1(p−1)!ψM1···Mp−1Mp
[
XM1 , · · · ,XMp−1 , ψMp
]
.
(3.9)
The action is clearly invariant under the Filippov-Lie p-algebra gauge transformation (2.18), and further
enjoys one global worldline supersymmetry: with a constant parameter ε0,
δXM = iψMε0 ,
δAiτ = 0 ,
δψM = DτX
Mε0 ,
δψM1M2···Mp = [XM1 ,XM2 , · · · ,XMp ]ε0 .
(3.10)
Especially, when p = 1 i.e. string, both fermions ψM , ψM1M2···Mp are on the equal footing carrying
only one spacetime index, and there appears an additional SO(2) R-symmetry in the action. Consequently
the supersymmetry is doubled and the above action reduces, after putting Aiτ ≡ 0, to the well-known con-
formal gauge fixed Ramond-Neveu-Schwarz superstring action [14]. The case of p = 2 is similar to the
BFSSM-theory matrix model [15], but different points in our action are the types of fermions, the world-
line supersymmetry and the full target spacetime Lorentz invariance.
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4 Spacetime supersymmetry
4.1 Action with kappa-symmetry
The spacetime supersymmetric Green-Schwarz covariant p-brane Lagrangian reads [1]
−
√
− det(ΠMµ ΠνM)+ LWess−Zumino , (4.1)
where ΠMµ = ∂µXM − iθ¯ΓM∂µθ and LWess−Zumino corresponds to the Wess-Zumino term necessary for
the kappa-symmetry. The super p-brane action exists if and only if the Bose and Fermi degrees of freedom
match, such that the possible values of p and the spacetime dimension D are
p = 1 : D = 3, 4, 6, 10
p = 2 : D = 4, 5, 7, 11
p = 3 : D = 6, 8
p = 4 : D = 9
p = 5 : D = 10 .
(4.2)
Our partonic reformulation of the spacetime supersymmetric Green-Schwarz p-brane Lagrangian is then:
Lspacetime = L(ϕ,Aiτ ,ΠMµ ) + LWess−Zumino , (4.3)
where, with Vij := ΠMi ΠjM ,
L(ϕ,Aiτ ,ΠMµ ) = 12ϕ(ΠMτ −AiτΠMi )(ΠτM −AjτΠjM )− 12ϕ−1 detV . (4.4)
In particular, in a similar fashion to (2.2), we may write [27]
ϕ−2 detV= 1
p!〈ΠM1 ,ΠM2 , · · · ,XMp〉〈ΠM1 ,ΠM2 , · · · ,ΠMp〉 ,
〈ΠM1 ,ΠM2 , · · · ,XMp〉 := ϕ−1ǫi1i2···ipΠM1i1 ΠM2i2 · · ·Π
Mp
ip
.
(4.5)
The auxiliary fields assume the following on-shell values,
Aiτ =⇒ Aˆiτ := ΠMτ ΠjMV−1ji ,
ϕ =⇒ ϕˆ :=
√
− detV
(ΠMτ −Aˆ
i
τΠ
M
i )(ΠτM−Aˆ
j
τΠjM )
.
(4.6)
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Integrating them out reduces L(ϕ,Aiτ ,ΠMµ ) to the supersymmetric Nambu-Goto term in (4.1),
L(ϕ,Aiτ ,ΠMµ ) =⇒ L(ϕˆ, Aˆiτ ,ΠMµ ) = −
√
− det(ΠMµ ΠνM) . (4.7)
Furthermore, along with an arbitrary transformation δΠMµ , if we let the auxiliary fields transform as
δAiτ = δAˆ
i
τ +
1
2(Aˆ
i
τ −Aiτ )δ lnϕ+ (Aˆkτ −Akτ )ΠMk δΠjMV−1ji ,
δϕ =
2ϕ2
(ϕˆ+ ϕ)ϕˆ
δϕˆ+
(ϕˆ− ϕ)ϕ
ϕˆ+ ϕ
δ ln detV ,
(4.8)
the variation of L(ϕ,Aiτ ,ΠMµ ) becomes independent of the auxiliary fields and, moreover, coincides with
that of the spacetime supersymmetric Nambu-Goto term:
δL(ϕ,Aiτ ,ΠMµ ) = δL(ϕˆ, Aˆiτ ,ΠMµ ) = −δ
√
− det(ΠMµ ΠνM) . (4.9)
Therefore, all the symmetries of the Green-Schwarz super p-brane Lagrangian (4.1) survive in our par-
tonic reformulation (4.3), which include the spacetime supersymmetry, the spacetime Lorenz symmetry,
the kappa-symmetry and the worldvolume diffeomorphism.8
4.2 Action with global spacetime supersymmetry
The light-cone gauge fixed actions are ready to be read-off from an earlier work by Bergshoeff, Sezgin,
Tanii and Townsend [11]. In its appendix the authors listed light-cone gauge fixed supersymmetric actions
for various p-branes in diverse spacetime dimensions. Utilizing the identity (2.2), in terms of Filippov-Lie
algebra p-bracket, their light-cone gauge fixed spacetime supersymmetric p-brane actions can be rewritten
in a compact form:
L′spacetime = 12(DtXI)2 − 12p!
[
XI1 ,XI2 , ··,XIp]2 + i12 θ¯Dtθ + 12(p−1)! θ¯ΓI1I2···Ip−1
[
XI1 , · · · ,XIp−1 , θ
]
.
(4.10)
Here the spacetime index I runs from one to D−2 with the possible values of p and D in (4.2). For details
of the supersymmetry transformation we refer to Ref. [11].9
8See [27, 28] for similar works, and recall the general phenomenon that no symmetry is lost under an arbitrary reformulation
of a given action by auxiliary fields [5].
9See also Ref. [29] for a zero-dimensional analogy.
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5 Discussion
In this paper we have constructed supersymmetric extensions of a bosonic p-brane action which reformu-
lates the Nambu-Goto action as an interacting multi-particle action with Filippov-Lie p-algebra gauge sym-
metry. We obtained a worldline supersymmetric action by postulating, among others, a p-form fermion. We
also derived a spacetime supersymmetric Green-Schwarz extension from the preexisting kappa-symmetric
action.
Compared to the ordinary Lie algebra, one limited feature of Filippov-Lie p-algebra for p ≥ 3 is that,
finite dimensional irreducible Filippov-Lie algebra is essentially unique, i.e. so(p+1) [23–26]. Conse-
quently there is no arbitrary tunable parameter as for the number of finite degrees of freedom. One should
deal with infinite dimensional Filippov-Lie p-algebras or so(p+1). In the latter case the p-brane corre-
sponds to a fuzzy p-sphere.
For p = 2, the situation is different. We may safely adopt matrices of arbitrary size. With the usual
matrix commutator, our actions read from (3.9),
Lworldline = 12DτXMDτXM − 14
[
XM ,XN
]2
+ i12ψ
MDτψM + i
1
4ψ
MNDτψMN − iψMN [XM , ψN ] ,
(5.1)
and from (4.10),
Lspacetime = 12DtXIDtXI − 14
[
XM ,XN
]2
+ i12 θ¯Dtθ +
1
2 θ¯Γ
I [XI , θ] . (5.2)
Of course, the latter corresponds to the well-known BFSSM-theory matrix model [15] where the fermion
is a target spacetime spinor. In analogy with the equivalence between the RNS and the GS superstring
actions, it is crucial to check the connection between the above two actions for M2-brane.
In the case of p = 0, with vanishing Nambu bracket, our worldline supersymmetric action (3.1) re-
duces to the well-known action for a massless supersymmetric particle (see e.g. [30]). Our action then
corresponds to non-Abelian or Filippov-Lie algebra generalization of it, where a ‘mass’ term appears as
the square of Nambu bracket. We recall the known difficulty that a massive point-particle does not allow a
worldline supersymmetric extension, as there is no supersymmetric counter part to its mass term,
S = 12
∫
dτ
(
e∂τX
M∂τXM − e−1m2
)
. (5.3)
While a compact p-brane should look like a point-particle at far distance, our result delivers a novel way of
introducing a supersymmetric mass term: the Filippov-Lie algebra based interaction of the partons of the
12
compact p-brane gives rise to the mass term. Namely, mass originates from the internal interaction, like a
proton made of light quarks. Further, we expect that the constraint form the equation of motion for χ,10
ψMDτXM +
1
p!ψ
M1M2···Mp
{
XM1 ,XM2 , · · · ,XMp
}
N.B.
= 0 , (5.4)
also leads, after quantization, to a certain massive Dirac equation. We leave the quantization of the super-
symmetric p-brane in our formulation for future work. In the present paper we focused on the partonic
description of a super p-brane. Since the aforementioned no-go theorem prohibits the construction of
a worldvolume supersymmetric p-brane action for p> 1, the other alternative possibility worth trying is
the supersymmetric extensions of the ‘multi-string description of a p-brane,’ starting from the bosonic
action [6],
Sstring =
∫
d2τ Tr
(√
−hLstring
)
, Tr :=
∫
dp−1σ ,
Lstring = −e−φhabDaXMDbXM − 14eφ detV + e−φ ,
(5.5)
where a, b = 0, 1 are the two-dimensional worldsheet indices [34]. The resulting action may correspond
to a RNS version of the well-known matrix string action [35].
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A Useful relations
Here we write some useful identities:
{X [M1 , · · · ,XMp}N.B. ∂iXMp+1] = 0 for arbitrary i ,
{X[M1 , · · · ,XMp−1 , υi}N.B.∂iXMp] = 1p∂iυi{XM1 , · · · ,XMp}N.B. ,
(A.1)
ϕ−2 detV V −1ij∂iY ∂jZ =
1
(p−1)!{XM1 ,XM2 , · · · ,XMp−1 , Y }N.B.{XM1 ,XM2 , · · · ,XMp−1 , Z}N.B. ,
ϕ−1∂i
(
ϕ−1 detV V −1ij∂jY
)
= 1(p−1)!{XM1 ,XM2 , · · · ,XMp−1 , {XM1 ,XM2 , · · · ,XMp−1 , Y }N.B.}N.B. ,
(A.2)
detV = 1
p!ǫ
r1r2···rpǫs1s2···spVr1s1Vr2s2 · · · Vrpsp ,
∂n det V
∂Vi1j1∂Vi2j2 ···∂Vinjn
= 1(p−n)!ǫ
i1···inr1···rp−nǫj1···jns1···sp−nVr1s1 · · · Vrp−nsp−n .
(A.3)
In particular,
V −1ij detV = 1(p−1)!ǫ
ir1···rp−1ǫjs1···sp−1Vr1s1 · · ·Vrp−1sp−1 ,
(
V −1ijV −1kl − V −1ikV −1lj) detV = 1(p−2)! ǫikr1···rp−2ǫjls1···sp−2Vr1s1 · · · Vrp−2sp−2 .
(A.4)
Under the worldvolume diffeomorphism (2.6),
δDτX
M = 1(p−1)!{XN1 , · · · ,XNp−1 , υτ}N.B.{XN1 , · · · ,XNp−1 ,XM}N.B.
+(Dτυ
τ + υµ∂µ)DτX
M ,
δ
{
XM1 , · · · ,XMp}
N.B.
=
p∑
k=1
DτX
Mk
{
XM1 , · · · ,XMk−1 , υτ ,XMk+1 , · · · ,XMp}
N.B.
+(Dτυ
τ + υµ∂µ)
{
XM1 , · · · ,XMp}
N.B.
.
(A.5)
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